Abstract. Let G be a finite group. A non-negative integer g is called a genus of G if G acts faithfully on a compact orientable surface S g preserving orientation. The set of all such possible genera g d 2 for a finite group G is called the genus spectrum of G; after re-scaling it is called the reduced genus spectrum for G. The reduced genus spectrum of a given finite group G contains all su‰ciently large numbers. We will describe the reduced genus spectrum of finite p-groups of exponent p, where p is a prime, and also for p-groups of maximal class with order less than or equal to p p .
Introduction
Let S g be a compact orientable surface of genus g (where g d 2). Let G be a finite group acting faithfully on S g preserving orientation. Then S g can be given a Riemann surface structure X , and the action of G can be realized as an action as automorphisms of X .
It is known (from Hurwitz [6] ) that if X is a Riemann surface of genus g d 2 then jAutðX Þj c 84ðg À 1Þ, so that all finite groups G acting on S g have order jGj c 84ðg À 1Þ. Wiman [16] and Harvey [5] gave the bound jGj c 4g þ 2 for cyclic groups, and for p-groups a sharper bound was given in Harvey [5] and Kulkarni [8] .
If G is a finite group, the set spðGÞ :¼ fg d 2 : G acts faithfully on S g preserving orientationg is called the genus spectrum of G. An invariant N 0 ðGÞ was constructed by Kulkarni [8] , with the property that all but finitely many g in S ¼ fn : n d 2; n 1 1 mod N 0 g constitute spðGÞ. Two other invariants of G are the minimum genus of G namely, m 0 ðGÞ :¼ min spðGÞ and the stable upper genus s 0 ðGÞ, which is defined to be the minimum integer h A S such that if g d h in S, then g A spðGÞ.
The minimum genus has been studied for several families of groups, including cyclic groups [5] , non-cyclic abelian groups [10] , metacyclic groups [12] , many sporadic simple groups [2] , the groups PSL 2 ðpÞ [4] , the groups SL 2 ð p n Þ [18] , and the Mathieu groups [1] , [17] .
The numbers in fg A S : m 0 ðGÞ c g c s 0 ðGÞ; G does not act on S g g form a gap sequence corresponding to the genus spectrum of G. This gap sequence has been studied in detail for cyclic p-groups in [7] , for groups with the MEP (maximal exponent property), which include groups of cyclic deficiency c 2, in [11] , elementary abelian p-groups and also powerful p-groups. Further details on abelian p-groups can be found in [14] . See also [15] for split metacyclic groups. In this paper, Section 2 contains some preliminary results. The study of the genus spectrum of finite p-groups falls into two parts, concerned with solutions of the Riemann-Hurwitz equation for the branched case and the non-branched case. In Section 3 we solve the branched case for p-groups of exponent p. For the nonbranched case for p-groups of exponent p which correspond to free action of G the problem is first linearized in Section 4 and finally solved in Section 5. In Section 6 we generalize the methods of Section 5 and settle the non-branched case for arbitrary finite p-groups. Similar methods are also used for the branched case with one branching point (Theorem 6.4). Motivation concerning the associated Lie ring of G defined by the lower central series leads us to study the genus spectrum of p-groups of maximal class. In Section 7 we describe the genus spectrum of p-groups G of maximal class and of order less than or equal to p p .
Notation. We use the notation below throughout the paper.
ðx; yÞ is the group commutator x À1 y À1 xy.
ðH; KÞ is the subgroup of G generated by fðx; yÞ : x A H; y A Kg.
½x; y is the commutator xy À yx, in a Lie ring.
expðGÞ, the exponent of G, is the largest order of an element in a finite p-group G.
the cyclic deficiency of a finite p-group G is n À e, where jGj ¼ p n , expðGÞ ¼ p e . W 1 ðGÞ is the normal subgroup of G generated by fg p : g A Gg.
FðGÞ ¼ W 1 ðGÞðG; GÞ, the Frattini subgroup of G. dðGÞ is the minimal number of generators of G. 
Preliminaries
Let G be a finite p-group acting on S g with quotient GnS g G S h for some h d 0, where p is a prime. Suppose that jGj ¼ p n and expðGÞ ¼ p e . Let f : S g ! S h be the quotient map, which is in fact a branched covering. Let x i be the number of branch points with branching index p i . Then (1) 
of G which generate G, such that E jk has order p j , and the long relation
is satisfied in the group G, and (2) the Riemann-Hurwitz formula:
is satisfied by the numbers g, h and x j for 1 c j c e. The conditions described above in (1), (2), (3) are also su‰cient for a finite p-group to act on a surface S g .
As in [8] , N ¼ p nÀe is the number with the following properties:
(ii) for all but finitely many g d 2 with g 1 1 mod N, G acts on S g .
Let G act on S g , where g d 2. We call the numberg g :¼ ðg À 1Þ= p nÀe the reduced genus of G corresponding to g. The reduced genera corresponding to m 0 ðGÞ and s 0 ðGÞ are denoted bym m 0 ðGÞ ands s 0 ðGÞ respectively. Equation (3) takes the form
Definition 2.1. Let G be a p-group of exponent p e . Suppose that equation (4) holds for some non-negative integers h; x i ð1 c i c eÞ. This solution is said to realize a generating system in G, if there exists elements a i , b i ð1 c i c hÞ and E jk ð1 c k c x j ; 1 c j c eÞ in G, which generate G, and such that
(ii) the long relation (2) is satisfied in G.
Note that if the solution realizes a generating system in G, then by (4),g g is a reduced genus for G.
Equation (4) suggests that we need to solve the equation:
in non-negative integers N, h, x i . Let W e ð pÞ denote the set of solutions N of (5) for which h d 0 and x i d 0 for all i. Now given p and e, let
where 0 c a i < p for 0 c i c e À 1 and a e d 0. Let S e ð2NÞ ¼ P e k¼0 a k and let t 0 be the first non-zero integer in the sequence ða 0 ; a 1 ; . . . ; a e Þ. Theorem 2.2 (see [7] ). We have W e ðpÞ ¼ fN A N j S e ð2NÞ d ðe À t 0 Þð p À 1Þg. Definition 2.3. Let s e ð pÞ denote the smallest stable solution of (5), i.e., s e ðpÞ is minimal with the property that whenever N d s e ðpÞ, then N A W e ð pÞ.
Corollary 2.4 (see [7] ). We have s e ð pÞ ¼ If the solution h; x i ð1 c i c eÞ is realized in G, then we call ðh; x 1 ; x 2 ; . . . ; x e Þ data for G. For any data D ¼ ðh; x 1 ; x 2 ; . . . ; x e Þ, we define M D as follows:
This notation will be used throughout the remainder of the paper.
The gap sequence for p-groups of exponent p
If G is a group of exponent p, the cyclic deficiency is maximal. Then the equation (5) takes the form
which has to be solved for
The genus spectrum of an elementary abelian p-group can found in [11] . We will assume until Section 5 that G is non-abelian and of exponent p where p is odd, unless otherwise stated. The following result takes care of the actions of G with branch points. Without loss of generality we can assume
In this way one reduces the problem to the case when 2h þ r ¼ d þ 1 and r d 2. Once a solution ðh; rÞ with 2h þ r ¼ d þ 1 is realized, the general solution can be obtained by filling up the k remaining commutator slots by putting ðg; gÞ ¼ 1 for any g 0 1, the remaining 2x elliptic slots by putting gg À1 , or 2x þ 1 many elliptic slots, where x 0 0, by using g 1 g 2 g 3 ¼ 1 for some g i 0 1. If x ¼ 0, and one has one more elliptic slot to fill up then r 0 d 2 and any element of order p is a product of two other elements of order p, since p is odd.
Hence we assume that 2h
and we put
Case II. Suppose that r ¼ 1.
Here d d 2 is even. We need to show that there is a minimal generating set, 
The argument is similar to Subcase II(a): one proves that there is a minimal generating set a 1 ; a 2 ; . . . ; a d for G, and a non-trivial element a A G, such that ða 1 ; a 2 Þða 3 ; a 4 Þ . . . ða d ; aÞ 0 1, and the elliptic element can be adjusted.
Finally
, and h À h 0 parabolic slots can be adjusted by ðg; gÞ, where g 0 1. r
In the next two sections, we will try to realize the solution ðh; 0Þ of the equation (6) where 2h d d.
Lifting of solutions in nilpotent groups
Let G be a group. We use multiplicative notation for the composition law in G, but additive notation for the composition law in the abelian groups A n ðGÞ ¼ g n ðGÞ=g nþ1 ðGÞ. We denote the direct sum 0 nd1 A n ðGÞ by AðGÞ. If x A g n ðGÞ, y A g m ðGÞ then the commutator ðx; yÞ is in g nþm ðGÞ. This property induces a Z-bilinear grading on AðGÞ.
If G is a nilpotent group then g n ðGÞ is trivial for n large and 0 nd1 A n ðGÞ is a finite direct sum. 
Proof. By induction on n d 3 we will prove that there exists a generating sequence
. For large n we have g n ðGÞ ¼ 1, and the theorem will follow.
The statement for n ¼ 3 follows from the hypothesis. Now assume that a generating sequence a 1 ; b 1 ; . . . ; a h ; b h in G has been constructed so that
Using commutator calculus it follows that
for some c 1 ; it follows thatÃ AðGÞ forms a Lie algebra over the field 
Then there exists a generating sequence a 1 ; b 1 ; . . . ; a h ; b h of A 1 ðGÞ such that
where b mod pA 2 ðGÞ ¼b b.
Proof. By hypothesis, ½a 1 ;
. We argue by induction on n d 1 that there exists a generating sequence a 1 ; b 1 ; . . . ; a h ; b h of A 1 ðGÞ such that
Since G is a finite p-group, we have p n A 2 ðGÞ ¼ f0g for large n. Assuming that
we can find elements x i ; y i A A 1 ðGÞ such that
Hence
This completes the proof. r
We recall that the problem is to determine for which h d 1 the solutions of type ðh; 0Þ are realizable in G, where G is a finite p-group of exponent p. By Theorem 3.1, it su‰ces to determine for which integers h d 1 there is a generating sequence x 1 ; y 1 ; . . . ; x h ; y h in A 1 ðGÞ such that the equation
. We will give an answer to this in the next section.
5 Semi-rank of bivectors and gap sequence for p-groups of exponent p Let V be a vector space over a field K. An element in the exterior square 5 2 ðV Þ is called a bivector. To an element u A 5 2 ðV Þ, we associate an alternating bilinear
where V Ã is the dual of V , as follows: if u ¼ P n i¼1 x i 5y i , and
We can also associate a linear mapũ u : We shall call the image ofũ u the support space of the bivector u and denote it by V u . Its dimension will be called the rank of the bivector u. Since it is even, we can write it as 2r. The integer r will then be called the semi-rank of the bivector u and it will be denoted by srkðuÞ. . . . ; x r ; y r are linearly independent. More precisely, they form a basis of V u .
Proof. As in Theorem 5.2(a), we see that if u ¼ x 1 5 y 1 þ Á Á Á þ x s 5 y s , where x 1 ; y 1 ; . . . ; x s ; y s A V , then r c s, and equality implies that x 1 ; y 1 ; . . . ; x s ; y s form a basis of V u . r
In the next theorem we will show how to describe the gap sequence for finite pgroups of exponent p.
Let A 1 and A 2 be finite-dimensional vector spaces over a field K. Suppose that ðx; yÞ 7 ! ½x; y is an alternating bilinear form from A 1 Â A 1 into A 2 . We assume that A 2 is generated by the elements of the form ½x; y, where x; y A A 1 . Then there exists a unique linear map f : (a) there exists a generating sequence x 1 ; y 1 ; . . . ; x h ; y h of A 1 such that
Proof. Assume that x 1 ; y 1 ; . . . ; x h ; y h is a generating sequence of A 1 satisfying (11). We can find subsets I and J of f1; 2; . . . ; hg such that the elements x i with i A I and y j with j A J form a basis of A 1 over K. We denote by x 
These vectors all belong to the support space V u of u. We deduce from these relations that all of the vectors x 1 ; y 1 ; . . . ; x h ; y h belong to W þ V u , where W is the subspace of A 1 generated by the elements y k with k B I and the elements x l with l B J.
Conversely, assume that h d d À r. By the definition of r, there exists a bivector u A N such that srkðuÞ ¼ r. We can write u ¼ x 1 5y 1 þ Á Á Á þ x r 5 y r for some vectors x 1 ; y 1 ; . . . ; x r ; y r . These vectors are linearly independent (and form a basis of V u , by Theorem 5.3). Since u A N, we have ½x 1 ; y 1 þ Á Á Á þ ½x r ; y r ¼ 0. We can find d À 2r elements x rþ1 ; . . . ; x dÀr which together with x 1 ; y 1 ; . . . ; x r ; y r form a basis of A 1 . Define x j to be 0 for d À r þ 1 c j c h and y j to be equal to x j for r þ 1 c j c h. Then x 1 ; y 1 ; . . . ; x h ; y h generate A 1 and satisfy (11) . r As a consequence of Theorem 5.4 we will obtain the gap sequence of the exponent p groups.
Let G be a finite p-group of exponent p, where p is an odd prime. As in Section 4, letÃ AðGÞ be the Lie algebra of G over F p . We write A From the above discussions we conclude that, for any non-abelian p-group G of exponent p, where p is odd, a numberg g d 1 is a reduced genus for G if and only if
for some h; x d 0 and the data ðh; xÞ satisfies the conditions in Table 1 .
Therefore we have the following theorem: 
Extension to general p-groups: results and obstacles
In this section we will extend our methods to general cases where the actions are either free or have one branch point.
Relation (4) suggests that we need to solve the equation
for N, h, x 1 ; . . . ; x e non-negative and N d p e þ 1. One expects the data corresponding to the free actions of a finite p-group to be obtained from the set of solutions fðh; x 1 ; . . . ; x e Þ A N d0 j ðh; x 1 ; . . . ; x e Þ is a solution of ð12Þ and x 1 ¼ Á Á Á ¼ x e ¼ 0g: Table 1 . Next, the data corresponding to the actions of a finite p-group G which admit a single branch point is obtained from the set of solutions fðh; x 1 ; . . . ; x e Þ A N d0 j ðh; x 1 ; . . . ; x e Þ is a solution of ð12Þ;
where only one of x 1 ; . . . ; x e is 1; and each other is 0g: Proof. This is a simple modification of the proof of Theorem 5.4 with r replaced by rðb bÞ. r Note 6.5. The above proof also works for the cases where the action is with branch points and the number of parabolic generators 2h is greater than the number dim F pÃ A 1 , and the elliptic expression in the long relation (2) is realizable in the commutator ðG; GÞ.
Motivated by Sections 5 and 6, we now consider the non-abelian p-groups of higher exponent in which were developed by him [13] . This work is carried out as a part of the author's Ph.D. thesis; he thanks the Harish-Chandra Research Institute, India for support.
